An analytic collective model in which the relative presence of the quadrupole and octupole deformations is determined by a parameter (φ 0 ), while axial symmetry is obeyed, 
Introduction
Rotational nuclear spectra have long been attributed to quadrupole deformations [1] , while octupole deformations [corresponding to reflection asymmetric (pearlike) shapes] are supposed to occur in certain regions, most notably in the light actinides [2, 3, 4, 5] . The hallmark of octupole deformation is a negative parity band with levels L π = 1 − , 3 − , 5 − , . . . , lying close to the ground state band and forming with it a single band with L π = 0 + , 1 − , 2 + , 3 − , 4 + , . . . , while a negative parity band lying systematically higher than the ground state band is a footprint of octupole vibrations. The transition from the regime of octupole vibrations into the region of octupole deformation has been considered by several authors [6, 7, 8] . A complete algebraic classification of the states occuring in the simultaneous presence of the quadrupole and octupole degrees of freedom has been provided in terms of the spdf-interacting boson model [9, 10] , involving free parameters. (It should be noted, however, that an alternative interpretation of the low-lying negative parity states in the light actinides has been provided in terms of clustering [11, 12, 13] .) On the other hand, the transitions from vibrational [U(5)] shapes to axially symmetric deformed [SU(3)] and γ-unstable deformed [SO (6) ] shapes have been recently described in terms of the X(5) [14] and E(5) [15] models respectively, which utilize an infinite well potential in the β degree of freedom, leading to parameter-free (up to overall scale factors) predictions for spectra and transition probabilities.
It is the aim of the present work to provide an analytic description of the light actinides lying near the border between the regions of octupole vibrations and octupole deformation, through the use of a model containing the minimum number of free parameters. In this direction, the following steps are taken: 1) Quadrupole and octupole deformations are taken into account on equal footing, their relative presence decided by the only free parameter in the model, φ 0 .
2) Axial symmetry is assumed, in order to keep the problem tractable.
3) Symmetrization of the wave functions is carried out as in Ref. [16] , involving the irreducible representation (irrep) A of the group D 2 for the levels of even parity and the irrep B 1 of the same group for the levels of odd parity. 4) Separation of variables is achieved in a way analogous to the one used in the framework of the X(5) model [14] .
5) An infinite well potential is assumed appropriate for the description of the border region, as in the E(5) [15] and X(5) [14] models.
The predictions of the model, to be called AQOA, are compared to spectra and B(EL) ratios for 226 Th and 226 Ra, for which evidence from systematics of experimental data is presented, suggesting that they lie close to the border between octupole deformation and octupole vibrations. This border is found to be drawn by the AQOA model in an essentially parameter-independent way. In addition, solutions for Davidson potentials [17] of the form β 2 + β 4 0 /β 2 are obtained, and a variational method [18, 19] leading from the Davidson results to the AQOA predictions is worked out. A different approach to the problem of phase transition in the octupole mode has been recently given in Ref. [20] , where the starting point is the introduction of a new parametrization of the quadrupole and octupole degrees of freedom, using as intrinsic frame of reference the principal axes of the overall tensor of inertia, as resulting from the combined quadrupole and octupole deformation. Comparisons between the results of the two methods are deferred to the appropriate sections. Three main differences between the two models are:
1) The AQOA model is analytic, while the model of Ref. [20] is not.
2) In the AQOA model the quadrupole and octupole degrees of freedom are taken into account on equal footing, while in the special form of the model of Ref. [20] used for comparison to experiment, the octupole degree of freedom remains active, while the quadrupole degree of freedom is "frozen" to a constant value.
3) In the AQOA model the symmetry axes of the quadrupole and octupole deformations are taken to coincide, in order to guarantee axial symmetry, while in the more general framework of Ref. [20] nonaxial contributions, small but not frozen to zero, are taken into account.
In Section 2 the AQOA model is formulated, while numerical results are given in Section 3 and compared to experiment in Section 4. In Section 5 the variational procedure is described, while Section 6 contains discussion of the present results and plans for further work.
2. The Analytic Quadrupole Octupole Axially Symmetric (AQOA) Model 2.1 Formulation We consider a nucleus in which quadrupole deformation (β 2 ) and octupole deformation (β 3 ) coexist. We take only axially symmetric deformations into account, which implies that the γ degrees of freedom are ignored, as in the Davydov-Chaban approach [21] . The bodyfixed axes x ′ , y ′ , z ′ are taken along the principal axes of inertia of the (axially symmetric) nucleus, while their orientation relative to the laboratory-fixed axes x, y, z is described by the Euler angles θ = {θ 1 , θ 2 , θ 3 }. The Hamiltonian reads [16, 22] 
where B 2 , B 3 are the mass parameters.
We seek solutions of the Schrödinger equation of the form [16] 
where the function |LM0, ± describes the rotation of an axially symmetric nucleus with angular momentum projection M onto the laboratory-fixed z-axis and projection K = 0 onto the body-fixed z ′ -axis. The moment of inertia with respect to the symmetry axis z ′ is zero, implying that levels with K = 0 lie infinitely high in energy [16] . Therefore in this model we are restricted to states with K = 0 only. The function |LM0, + transforms according to the irreducible representation (irrep) A of the group D 2 , while the function |LM0, − transforms according to the irrep B 1 of the same group [16, 22] . The general form of these functions is [1]
In the special case of K = 0 it is clear that |LM0, + = 0 for L = 0, 2, 4, . . . , while
are respectively symmetric and antisymmetric with respect to reflection in the plane x ′ y ′ , and therefore describe states with positive and negative parity respectively [22] . Using the solutions of Eq. (2) for the Hamiltonian of Eq. (1) the Schrödinger equation takes the simplified form
This equation is further simplified by introducing [16, 22] 
as well as reduced energies ǫ = (2B/h 2 )E and reduced potentials u = (2B/h 2 )V [14, 15] ,
Further simplification occurs through the introduction of polar coordinates (with 0 ≤β < ∞ and −π/2 ≤ φ ≤ π/2) [16, 22] β 2 =β cos φ,β 3 =β sin φ,β = β2 2 +β
leading to
It is clear that φ = 0 corresponds to quadrupole deformation alone, while φ = ±π/2 corresponds to octupole deformation alone. It is worth noticing that the transformation of Eq. (7) allows β 3 to assume both positive and negative values, while β 2 takes only positive values.
Separation of variables in Eq. (8) can be achieved by assuming the potential to be of the form u(β, φ) = u(β) + u(φ ± ), where u(φ ± ) is supposed to be of the form of two very steep harmonic oscillators centered at the values ±φ 0 , i.e.
with c being a large constant. In other words, the nucleus is supposed to be rigid with respect to the variable φ, implying that φ remains close to ±φ 0 and, therefore, the relative amount of quadrupole and octupole deformation remains constant, as in Strutinsky-type potential energy calculations [6] . This assumption will be (partly) justified a posteriori by the fact that the spectrum remains almost unchanged for values of φ 0 between 30 o and 60 o .
In this way Eq. (8) is separated into
and
where
and ǫ L = ǫβ(L) + ǫ φ . It is worth noticing that Eq. (10) has the same form for both +φ 0 and −φ 0 , since only even functions of φ 0 appear in it.
Theβ-part of the spectrum
In the case in which u(β) is an infinite well potential (u(β) = 0 ifβ ≤β W ; u(β) = ∞ ifβ >β W ), using the definitions ǫβ = k 2 β , z =βkβ, Eq. (10) is brought into the form of a Bessel equation
with
Then the boundary condition ψ ± ν (β W ) = 0 determines the spectrum
and the eigenfunctions ψ
where x s,ν is the sth zero of the Bessel function J ν (z), while c s,ν are normalization constants, determined from the condition
. The notation has been kept similar to Ref. [14] .
Eq. (10) is also exactly soluble [23, 24] in the case of the Davidson potentials [17] u(β) =β 2 +β 4 0
In this case the second term of Eq. (16) is combined with the third term of Eq. (10), leading to eigenfunctions which are Laguerre polynomials
while the energy eigenvalues are given by
It is worth remarking that the excitation energies, E 0,L −E 0,0 , within the ground state band (which is characterized by n = 0), divided by an appropriate normalization constant read
with b (20) is the Holmberg-Lipas formula [25] . In what follows, the infinite well potential will be used everywhere. Davidson potentials will be briefly employed in Section 5.
2.3 The φ-part of the spectrum Eq. (11) for the potential of Eq. (9) takes the form
whereφ ± = φ ∓ φ 0 . This is a simple harmonic oscillator equation with energy eigenvalues
and eigenfunctions
with normalization constant
The total energy in the present model is then
B(EL) transition rates
In the axial case used here the electric quadrupole and octupole operators are
while the electric dipole operator reads [16] 
The total wave function in the case of the infinite well potential is
where C is a constant, while in the case of the Davidson potentials the same expression holds with
where the reduced matrix element is obtained through the Wigner-Eckart theorem
In Eq. (28) the integration over the angles θ involves a standard integral over three Wigner functions [26] , which leads to (L i LL f |000), while the rest of the integrations are (5) and (7), as well as the relevant Jacobian, one finds (up to constant factors) that the integration is over β dβdφ.
In the integrals over φ, only the case of n φ = 0, corresponding to H 0 = 1, is considered. The results are factors depending on the parameters b and φ 0 , as well as on the multipolarity of the transition. Therefore in Section 3, ratios of B(EL) transition rates will be presented, in which these factors cancel out.
The integrals overβ are
in the case of the infinite well potential, while for the Davidson potentials the Bessel functions are replaced by Laguerre polynomials, as above. The final result then reads
where L = 1, 2, 3 and all constant factors have been absorbed in c.
Numerical results
Spectra for the ground state band and the negative parity band associated with it (s = 1), as well as for the first excited band (s = 2) and the second excited band (s = 3), normalized to the 2 Tables 3 and 4 , and shown in Fig. 1(c) .
It is worth remarking that the minima of energy ratios related to the ground state band, as well as the maxima of B(EL) ratios regarding the ground state band and the associated negative parity band, reported in the caption of The tables and figures mentioned so far indicate that the region of interest in the present model, in which smooth and essentially parameter independent behavior of spectra and B(EL) rates is observed, is the region 30 o ≤ φ 0 ≤ 60 o , to which further considerations will be limited. In addition to the results of the AQOA model, the X(5) spectrum is included in Table   1 for comparison. It is clear that the ground state band of X (5) The similarities between the ground state bands of the AQOA and X(5) models can be understood as due to the fact that both models originate from the Bohr Hamiltonian and use an infinite well potential, while in addition for the properties of the ground state band the quadrupole degree of freedom, included in both models, is expected to be important. In contrast, the excited bands appear to be more sensitive to the inclusion of the octupole degree of freedom. The position of the 0 + 2 state becomes therefore an important factor in the process of comparison to experiment. One can also think of the AQOA model as an extension of the X(5) framework, in which the negative parity states, as well as the B(EL) transitions involving them, are included.
Comparison to experiment
Experimental data for the ground state and related negative parity bands of 220−234 Th are shown in Fig. 2 The behavior observed in Fig. 2(a) can be better understood by considering Figs. 3(a)  and 3(b) , where the experimental energy levels of the ground state band and the associated octupole band are shown, for the same thorium isotopes. While the even parity levels, shown in Fig. 3(a) , smoothly decrease with increasing neutron number N, as a result of increasing quadrupole collectivity, the odd parity levels, shown in Fig. 3(b) , exhibit a minimum, which is located at N = 136 up to L = 9, while it moves to N = 138 for higher L. This change of behavior is then attributed to the octupole degree of freedom, showing that 226 90 Th 136 lies near the border between octupole deformation and octupole vibrations. The change of behavior is not abrupt, since the effect due to octupole deformation is "moderated" by the quadrupole deformation setting in in parallel.
In a similar manner the behavior observed in Fig. 2(b) can be clarified by considering Figs. 3(c) and 3(d) , where the experimental data for the same radium isotopes are presented. Again, the even parity levels decrease with increasing N, while the odd parity levels exhibit a minimum, located at N = 136 up to L = 5, while it moves to N = 138 for higher L, showing that The transition from octupole deformation to octupole vibrations can also be seen by considering the simplest quantity measuring the relative displacement of the negative parity levels with respect to the even parity ones,
Results for the Th and Ra isotopes are shown in Figs. 4(a) and 4(b), respectively. In Fig.  4 Fig. 2 . Considering the AQOA model as an extension of the X(5) framework involving negative parity states, as remarked at the end of Section 3, implies that the search for X(5)-like nuclei in the light actinides, where the presence of low-lying negative parity bands is important, should be focused on nuclei with R(4) ratio close to 3.0 and 0 + 2 bandhead higher than the X(5) value of 5.65 .
Detailed comparisons to B(EL) transition rates are not feasible, because of lack of experimental data. We therefore use ratios of B(EL) transitions, also used in earlier work [20, 39] . Thus in Table 5 and Fig. 5 (a) the experimental B(E1; L → L − 1)/B(E2; L → L−2) ratios used in Ref. [20] are shown, together with theoretical predictions from the same source, and predictions for φ = 45 o and 60 o , the values also used in Fig. 2(a) . The present theoretical predictions for the two different values of φ 0 practically coincide (indicating that the predictions are essentially parameter free) and are in most cases within the error bars of the experimental points, while the predictions of Ref. [20] grow a little faster as a function of angular momentum. Furthermore, in Table 6 and Fig. 5 (b) the experimental B(E1; L → L + 1)/B(E1; L → L − 1) ratios [40] used in Ref. [39] are shown, together with three sets of theoretical predictions in the framework of the extended coherent states model (ECSM) [41] from the same source, corresponding to the lowest order choice for the E1 transition operator (Rh), as well as to two different choices of the E1 transition operator, including anharmonic terms assumed suitable for the transition region (R-I, R-II) [39] . In addition, predictions for φ 0 = 45 o and 56 o , the same values used in Fig. 2(b) , are shown. It is clear that the predictions for the two different values of φ 0 practically coincide (indicating that the predictions are essentially parameter free) and in all cases are within the error bars of the experimental points, being in very close agreement to the R-I predictions of Ref. [39] .
On the results presented in this section, the following additional comments apply. In all these cases, Eq. (7) [together with Eq. (5)] indicates that the quadrupole and octupole deformations are present in comparable amounts. This is in agreement with Strutinskytype potential-energy calculations [6, 42] , resulting in comparable β 2 and β 3 values for these nuclei. The presence of octupole deformation in 226 Ra has also been realized in a study [43] within the framework of the spdf-IBM [9, 10] . 226 Th and 226 Ra lie close to the border between octupole deformation and octupole vibrations. This is in agreement with Woods-Saxon-Bogolyubov cranking calculations [7] for the Ra and Th isotopes, suggesting shape changes from nearly spherical (N ≃ 130) to octupole-deformed (N ≃ 134) to well-deformed reflection-symmetric (N ≃ 140) shapes, in which negative-parity bands can be interpreted in terms of octupole vibrations.
2) Figs. 2-4 suggest that
3) One can easily see that no odd-even staggering is predicted by the AQOA model. This is in agreement to the well known fact that odd-even staggering is produced when the potential in β 3 is a double well with two symmetric minima [44] , the staggering being sensitive to the angular momentum dependence of the height of the potential barrier [45] . An infinitely high barrier leads to no odd-even staggering [44] , which is indeed the case here. The introduction of a finite barrier in the present model will lead to staggering, but it will require the addition of at least one new parameter, in contrast to the main goal of the present work, which is the description of the border between octupole deformation and octupole vibrations with the minimum number of parameters possible. As shown in Figs. 2(a) and 2(b) , the model does predict the border between the regions of octupole deformation and octupole vibrations in an essentially parameter independent way.
4) It should be noticed that the transition examined here is the one from octupole deformation to octupole vibrations as a function of the neutron number in a chain of isotopes, which is different from the gradual setting in of octupole deformation as a function of angular momentum in a given nucleus, usually studied by considering the odd-even staggering [2, 38] , as already discussed in relation to Fig. 4 .
The variational procedure
In Refs. [18, 19] a variational procedure has been introduced, leading from the results of one-parameter Davidson potentials to the parameter-free E(5) and X(5) predictions. The same procedure can be applied in the present case, by considering (for given φ 0 ) the R(L) = E(L)/E(2) ratios predicted by the Davidson potentials of Eq. (16) for the excitation energies of the ground state band and the associated negative parity band, and determining for each value of L separately the value of the parameter β 0 at which the derivative of the ratio R(L) with respect to β 0 has a sharp maximum. The collection of R(L) values selected in this way (for the case of φ = 45 o ) is shown in Table 7 and Fig. 6 , together with the limiting cases of β 0 = 0 (a vibrator) and β 0 → ∞ (a rigid rotor). It is clear that the collection created through the variational procedure practicaly coincides with the predictions of the present model utilizing an infinite well potential, thus indicating that the choice of the infinite well potential indeed correponds to the transition point between a vibrator (β 0 = 0) and a rigid rotor (β 0 → ∞), since it is at the transition point that the rate of change of the R(L) ratios is expected to become maximum.
Discussion
The analytic quadrupole octupole axially symmetric (AQOA) model introduced in this work describes well the border between octupole deformation and octupole vibrations in the light actinides, which corresponds to 226 Th and 226 Ra in the Th and Ra isotopic chains respectively. Some of the main ingredients of the present model, such as the infinite well potential and the approximate separation of variables, strongly resemble the ones used in the X(5) model, describing the critical point of the shape phase transition from vibrational to axially deformed rotational nuclei [14] , determined through the study of potential energy surfaces derived from the Hamiltonian of the Interacting Boson Model [46] . An interesting task is the study of the potential energy surfaces resulting in the spdf-IBM [9, 10] , the version of IBM including the octupole degree of freedom in addition to the quadrupole one, which can possibly lead to the determination of a shape phase transition from octupole deformation to octupole vibrations, in a manner similar to the determination of the critical point between the spherical and triaxial shapes found recently through the study of the potential energy surfaces resulting from an IBM-2 Hamiltonian [47, 48] . Although some early results are given in Ref. [10] , this task is far from complete. The persistence of axial symmetry, as well as the importance of parity projection in this context have been emphasized [49, 50] . The inclusion of staggering in the present model, as well as its application to the rare earth region near A = 150, where octupole deformation is known to occur [4, 5] , are also of interest. as a function of the angle φ 0 . The minima appear as follows: R (4) 
